A stochastic element-free Galerkin method was developed for reliability analysis of linear-elastic structures with spatially varying random material properties. A random ®eld representing material properties was discretized into a set of random variables with statistical properties obtained from the statistical properties of random ®eld. In conjunction with meshless formulations, the ®rst-order reliability method was employed to predict the full probabilistic characteristics of a structural response. Unlike the stochastic ®nite element method, the stochastic mesh-free method does not require a structured mesh, instead only a scattered set of nodal points is required in the domain of interest. As well, there is no need for ®xed connectivities between nodes. Numerical examples show good agreement between the results of the developed method and Monte Carlo simulation. Furthermore, the stochastic meshless method provides convergent solutions of the probability of failure. Since mesh generation of complex structures can be far more timeconsuming and costly eort than solution of a discrete set of equations, the developed meshless method provides an attractive alternative to ®nite element method for solving stochastic-mechanics problems. Ó
Introduction
In recent years, much attention has been focused on mesh-free methods, such as smooth particle hydrodynamics (Lucy, 1977; Monaghan, 1988; Libersky et al., 1993) , the diuse element method (Nayroles et al., 1992) , the element-free Galerkin method (EFGM) (Belytschko et al., , 1995 Lu et al., 1994; Rao and Rahman, 2000) , h±p clouds (Duarte and Oden, 1996) , the partition of unity method (Melenk and Babuska, 1996) , and the reproducing kernel particle method (Liu et al., 1995 (Liu et al., , 1997 , to solve solidmechanics problems without using a structured grid. Among these methods, EFGM is particularly appealing, due to its simplicity and a formulation that corresponds to the well-established ®nite element method representing the nodal parameter for node I , W diag w 1 x; w 2 x; . . . ; w n x with w I x denoting the weight function associated with node I such that w I x > 0 for all x in the support X x of w I x and zero otherwise, n is the number of nodes in X x for which w I x > 0, and
. . .
A number of weight functions are available in the literature (Belytschko et al., , 1995 Lu et al., 1994; Liu et al., 1995 Liu et al., , 1997 Duarte and Oden, 1996; Melenk and Babuska, 1996; Rao and Rahman, 2000) . In this work, a weight function based on the student's t-distribution (Rao and Rahman, 2000) , which represents the scaled probability density function of a standard Gaussian random variable divided by the square root of a chi-squared random variable with b degrees of freedom (Middleton, 1996) , was used; it can be expressed as
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where b is a parameter controlling the shape of the weight function, z I kx À x I k is the distance from a sample point x to a node x I , and z mI is the domain of in¯uence of node I. The stationarity of J x with respect to ax yields Axax Cxd; 7 where Ax n I1 w I xpx I p T x I P T WP; 8
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Solving for ax in Eq. (7) and then substituting in Eq.
(1) yields
where
is a vector with its Ith component,
representing the shape function of the MLS approximation corresponding to node I. The partial derivatives of U I x can also be obtained as
where A
À1
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Variational formulation and discretization
For small displacements in two-dimensional, isotropic, and linear-elastic solids, the equilibrium equations and boundary conditions are $ Á r b 0 in X 14 and r Á n t on C t natural boundary conditions; u u on C u essential boundary conditions; 15 respectively, where r D is the stress vector, D is the material property matrix, $ s u is the strain vector, u is the displacement vector, b is the body force vector, t and u are the vectors of prescribed surface tractions and displacements, respectively, n is a unit normal to domain, X, C t and C u are the portions of boundary C where tractions and displacements are respectively prescribed, $ T o=ox 1 ; o=ox 2 f gis the vector of gradient operators, and $ s u is the symmetric part of $u. The variational or weak form of Eqs. (14) and (15) is
where d denotes the variation operator and dW u represents a term that enforces essential boundary conditions. The explicit form of this term depends on the method by which the essential boundary conditions are imposed (Belytschko et al., , 1995 Lu et al., 1994; Rao and Rahman, 2000) . In this study, W u is de®ned as
where f T x J is the vector of reaction forces at the constrained node J P C u . Hence,
Consider a single boundary constraint, u i x J g i x J applied at node J in the direction of the x i coordinate. The variational form given by Eqs. (16) and (18) can then be expressed by
where f i x J and u i x J are the ith component of f x J and ux J , respectively. From Eq. (10), the MLS approximation of u i x J is
is the vector of nodal parameters or generalized displacements, and N is the total number of nodal points in X. Applying Eqs. (21)±(23) in the discretization of Eqs. (19) and (20) yields (Belytschko et al., , 1995 Lu et al., 1994; Rao and Rahman, 2000) 
is the stiness matrix with
representing the contributions of the Jth node at node I,
is the force vector with is the elasticity matrix with E and m representing the elastic modulus and Poisson's ratio, respectively. To perform numerical integration in Eqs. (26) and (28), a background mesh is required, which can be independent of the arrangement of the meshless nodes. However, in this study, the nodes of the background mesh were chosen to coincide with the meshless nodes. Standard Gaussian quadratures were used to evaluate the integrals for assembling the stiness matrix and the force vector. In general, a 4 Â 4 quadrature is adequate, except in the cells surrounding a high stress gradient (e.g., near a crack tip) where a 8 Â 8 quadrature is suggested. In solving for d, the essential boundary conditions must be enforced. The lack of Kronecker delta properties in the meshless shape functions presents some diculty in imposing the essential boundary conditions in EFGM. Nevertheless, several methods are currently available for enforcing essential boundary conditions. A full transformation method (Rao and Rahman, 2000; Chen and Wang, 2000) was used for the stochastic mechanics applications in this work.
It should be noted that the generalized displacement vector d represents the nodal parameters±±not the actual displacements at the meshless nodes. Let
represent the vector of nodal displacements. From Eq. (10),
is the transformation matrix. Hence,d can be easily calculated when d is known.
Random ®eld and discretization

Random ®eld
The spatial variability of a material property, such as the elastic modulus Ex, can be modeled as a homogeneous random ®eld. Let
where l E EEx T 0 is the mean of the elastic modulus that is independent of x, and ax is a zero-mean, scalar, homogeneous random ®eld with its auto-covariance function
where C E n is the auto-covariance function of Ex, n is the separation vector between two points, x P R K and x n P R K both located in X R K , and EÁ is the expectation operator. In SFEM or meshless applications, it is necessary to discretize a continuous-parameter random ®eld (e.g., Eq. (34)) into a vector of random variables, as described in the following section.
Spatial discretization
For discretization of random ®elds, various methods, such as the Karhunen±Lo eve expansion (Ghanem and Spanos, 1991; Spanos and Ghanem, 1989) , the midpoint method (Der Kiureghain and Liu, 1986) , the local averaging method (Vanmarcke and Grigoriu, 1983) , the shape function method (Liu et al., , 1987 , the weighted integral method (Deodatis, 1991) , and the optimal linear estimation method (Li and Der Kiureghian, 1992) have been developed. The accuracy and convergence of stochastic response due to these discretizations (except the Karhunen±Lo eve expansion) depend on the size of the ®nite elements in comparisons with the correlation distance of the random ®eld. In the stochastic meshless method, there are no elements, hence, the discretization eort is not tied to any elements or nodes. For example, consider a discretization of a random ®eld by M number of random variables associated with M discrete points in the structural domain. The value of M and the distribution of these points depend on the correlation distance of ax. It is not necessary that these points coincide with the meshless nodes, as shown in Fig. 1 . Hence a large value of M, if required for some correlation distance, does not necessarily increase the size of the linear equations for meshless discretization of the domain. This is in contrast to some SFEMs, where the correlation distance of a random ®eld can place serious limitations on the size of the ®nite elements. 
where n ij x j À x i is the separation vector between x i and x j representing the coordinates of nodes i and j, respectively. Hence, the second-moment characteristics of Y can be de®ned from the knowledge of the mean and covariance function of ax. Note, if ax is Gaussian, so is the random vector Y.
Since ax or Ex is random ®eld, the elasticity matrix Dx is spatially distributed. When calculating the stiness matrix (see Eq. (26)) by Gauss quadrature, the values of Dx at Gauss points are required. In this work, the values of Y and meshless shape functions were used to approximate Dx at Gauss points.
Structural reliability analysis
Random parameters and random response
Given the discretization of the random ®eld by the random vector Y P R M , let KY and dY denote, respectively, the stiness matrix and generalized displacement vector, that depend on Y and let F denote the load vector. The discrete meshless equation for the stochastic system is As a result, the performance of the structure should be evaluated using the probability of failure P F , de®ned as
where f Y y is the joint probability density function of Y, and gy is the performance function given by
A similar performance function, based on stress and associated failure probability, can also be de®ned.
Regardless of the performance function, the generic expression for the failure probability (Eq. (41)) involves a multi-dimensional probability integration for its evaluation. In this study, the FORM (Madsen et al., 1986) was used to compute this probability. It is brie¯y described here assuming a generic Mdimensional random vector Y and the displacement-based performance function gy (Eq. (42)) to calculate the probability of failure de®ned by Eq. (41).
First-order reliability method
The FORM is based on linear (®rst-order) approximation of the limit state surface gy 0 tangent to the closest point of the surface to the origin of the space. The determination of this point involves nonlinear constrained optimization and is usually performed in the standard Gaussian image u of the original space y. The FORM algorithm involves several steps. First, the space y of uncertain parameters Y is transformed into a new M-dimensional space u of independent standard Gaussian variables U. The original limit state gy 0 then is mapped into the new limit state g U u 0 in the u space. Second, the point on the limit state g U u 0 having the shortest distance to the origin of the u space is determined using an appropriate nonlinear optimization algorithm. This point is referred to as the design point, or beta point, and has a distance b HL (known as reliability index) to the origin of the u space. Third, the limit state g U u 0 is approximated by a hyperplane g L u 0 tangent to it at the design point. The probability of failure P F (Eq. (41)) is thus approximated by P F ;1 Prg L U < 0 in FORM and is given by (Madsen et al., 1986) P F ;1 UÀb HL ; 43
is the cumulative distribution function of a standard Gaussian random variable. In this study, the EFGM applied in conjunction with FORM is denoted as the SEFGM. In developing the SEFGM, a recursive quadratic programming algorithm (Lim and Arora, 1986; Arora, 1989 ) was used to solve the associated optimization problem. The ®rst-order sensitivities required by this algorithm were calculated analytically and are described in the following section.
Analytical gradients
Most optimization algorithms for solving nonlinear programming problem in FORM require calculation of the gradients of the objective and constraint functions. Using a brute-force ®nite-dierence method to calculate these gradients is often computationally expensive, since many repetitions of deterministic meshless analysis are needed, particularly when there are a large number of random parameters. Consequently, it is useful to calculate the gradients analytically.
In u space, the objective function is quadratic; hence, calculating its ®rst-order derivative with respect to u k , k 1; 2; . . . ; M is quite trivial. For the constraint function, i.e., the performance function, one must also calculate its derivative with respect to u k . Assume that a transformation of Y P R M to U P R M , given by
exists. The performance function in the u space can be written as
The ®rst-order derivative of g U u with respect to u k is
Using the chain rule of dierentiation, For a given y, the corresponding values of d, K À1 , and oK=oy j , calculated from the meshless formulation, can be substituted in Eq. (50) to obtain od=ou k . Note that od J i =ou k is the 2J À 1 ith component of od=ou k . Using Eqs. (47) and (50), the gradients of g U u can be evaluated analytically.
Note that when ax is Gaussian, Y is Gaussian with mean 0 and covariance matrix c. Using the rotational transformation
Y QU 51
with Q representing the transformation matrix, it is easy to show that
In Eq. (52), Q is the Cholesky decomposition of c, which can be easily calculated from standard methods of linear algebra. Furthermore, R jk Q jk , where Q jk is the jkth element of Q. Hence, Eq. (50) becomes
If ax or Y is Gaussian, Eqs. (47) and (53) provide the analytical gradients of g U u.
Numerical examples
Two numerical examples based on one-and two-dimensional problems are presented. In these examples, ax was modeled as a homogeneous Gaussian random ®eld to describe the random modulus of elasticity Ex. For simplicity, the random ®eld was discretized spatially at the same meshless nodes (i.e., M N ). The Gaussian assumption implies that there is a non-zero probability of Ex taking on a negative value. To avoid this diculty, the variance of input random ®eld was con®ned to a small value. Alternative representations involving truncated Gaussian distribution or other distributions suitable for non-negative random ®eld have been used by various researchers (IASSAR, 1997). These representations were not explored here, because the focus of this study was stochastic meshless analysis. A linear basis function was used in all meshless calculations. For the weight function, a value of b 2 was selected. Both ®rst-order reliability and simulation methods were used to calculate various response probabilities of interest.
Example 1: bar with linear body force
Consider a bar AB of length L 1 unit, which is subjected to a linear body force distribution px x in the x direction, as shown in Fig. 2(a) . Point A of the bar is ®xed and point B is free. The bar has a constant cross-sectional area A 1 unit. The modulus of elasticity Ex l E 1 ax is random with mean l E 1 unit, and ax is a homogeneous Gaussian random ®eld with mean zero and auto-covariance function C a n E axax n r 2 E exp À jnj bL ; 54 where x and x n are the co-ordinates of two points in the bar, r E is the standard deviation of ax or Ex, and b is the correlation length parameter. Values of r E 0:1, 0.2, and 0.3 units and b 1 were used for numerical calculations. A meshless discretization involving 16 uniformly spaced nodes is shown in Fig. 2(b) . A background mesh with its nodes coincident with the meshless nodes was used. The numerical integration involved four-point Gauss quadrature. The SEFGM developed in this study was applied to determine the full probabilistic characteristics of the axial displacement u B Y at the free end (point B) of the bar. Fig. 3 shows the probability density functions of u B Y for r E 0:1, 0.2, and 0.3 units, determined by repeating SEFGM analyses to calculate Pru B Y 6 u 0 and then taking the numerical derivative with respect to u 0 . Corresponding histograms from Monte Carlo simulation, involving 10 6 realizations of u B Y by meshless method, are also shown in Fig. 3 . The probability densities by SEFGM agree very well with the histograms. Fig. 4 shows how the probability of failure Pru B Y > u 0 varies as a function of u 0 for all three values of r E . Both the SEFGM and simulation method (10 6 samples) were used to generate these plots. The failure probability increases with r E as expected. The developed SEFGM using FORM provides accurate estimates of the failure probability of the bar when compared with the simulation results.
To study the convergence properties of the failure probability, additional stochastic meshless analyses were performed by increasing the number of nodes (N) from 2 to 26. For each value of N, a uniform spacing was used for meshless discretization of the bar. Also, the values of b 1 and r E 0:1 units were used for Fig. 6 , calculated using SEFGM, indicate that the upper bound of the failure probability occurs when b 3 I, i.e., when Y is perfectly correlated. Note, in this case, the random ®eld Ex degenerates to a random variable E (say). Hence, the axial displacement of the bar at point B can be determined analytically as u B 1=3E. Using this analytical solution and r E 0:1 units, the exact failure probabilities for u Ã 0 0:35, 0.45, and 0.6 units are 0.317, 4:76 Â 10 À3 , and 4:41 Â 10 À6 , respectively. These exact solutions match with the SEFGM solutions in Fig. 6 when b 3 I.
Example 2: square plate under tension
Consider a square plate as shown in Fig. 7(a) . The plate has dimension L 1 unit and is subjected to a uniformly distributed load of magnitude p 1 unit. The square domain of the plate was discretized by 49 nodes equally spaced, as shown in Fig. 7(b) . The Poisson's ratio m of 0.3 was selected. The modulus of elasticity Ex was represented by Ex l E 1 ax, where l E 1 unit is the constant mean over the domain and ax is a homogeneous Gaussian random ®eld with mean zero and auto-covariance function C a n E axax n r
where x x 1 ; x 2 and x n x 1 n 1 ; x 2 n 2 are the co-ordinates of two points in the plate, r E 0:12 and 0.24 units, and the correlation length parameters are b 1 1, and b 2 2. The background mesh was chosen such that its nodes coincide with the meshless nodes. An 8 Â 8 Gauss quadrature rule was used for all cells. selected in a manner to yield``small'' failure probability of interest. As before, the probability failure is larger for a large standard deviation of input. The results of Monte Carlo simulation using 100,000 samples are also given in Figs. 8 and 9. Good agreement is observed between the failure probabilities predicted by SEFGM (FORM) and simulation. To study the eects of the distribution of meshless nodes on the failure probability, two additional stochastic analyses were conducted for two dierent discretizations, as shown in Fig. 11(a) and (b) . The total number of nodes is the same (i.e., N 49) in both these discretizations, however, their nodes are irregularly distributed in comparison with the distribution in Fig. 7(b) . Fig. 12 shows the plots of the failure probability, Pru D 2 Y > u 0 vs. u 0 , calculated using regular (Fig. 7(b) ), irregular A ( Fig. 11(a) ), and irregular B (Fig. 11(b) ) distributions of the meshless nodes. The same inputs de®ned earlier were used in all cases. According to Fig. 12 , the failure probabilities due to all three discretizations are almost identical. No meaningful dierence in the results is observed from irregularity in the meshless discretization. Note that the lack of sensitivity of the stochastic response to the nodal distribution is consistent with deterministic Fig. 9 . Stress-based probability of failure of the plate. observations made by some researchers in the ®eld of meshless methods (Belytschko et al., , 1995 Lu et al., 1994) .
Conclusions
A SEFGM was developed for predicting probabilistic response and reliability of linear-elastic structures subject to spatially varying random material properties. The random ®eld representing material properties was discretized into a set of random variables with their statistical properties obtained from the statistical properties of the random ®eld. In conjunction with meshless equations, the FORM was employed to predict the full probabilistic characteristics of a structural response. Unlike the SFEM, the method developed herein requires no structured mesh, since only a scattered set of nodal points is required in the domain of interest. There is also no need for ®xed connectivities between nodes. Numerical examples based on oneand two-dimensional problems have been presented to evaluate the accuracy and convergence of the failure probability by the developed meshless method. Good agreement is observed between the results of the developed method and Monte Carlo simulation. Furthermore, the stochastic meshless method provides convergent solutions of the probability of failure. Since mesh generation of complex structures can be a far more time-consuming and costly eort than solution of a discrete set of equations, the developed meshless method provides an attractive alternative to FEMs in solving stochastic-mechanics problems.
